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Matscience, Madras, India 
We continue our program of studying the correspondence between the 
L-matrices and other known systems associated with “multiple algebras.“l 
In particular, we shall relate the L-matrix theory to the concepts of quater- 
nions, their generalizations and to “propagators.” 
An L-matrix of dimension (2” x 2%) “involves” 2n + 1 parameters 
4 ,A, >**-, h,,,, (either pure real or pure imaginary) and satisfies the condition 
While L2n+l has 2n independent eigenvectors, it has only two eigenvalues 
f A, . In a previous contribution we defined a Q-matrix as 
Q = -L+l + G (2) 
where A is an arbitrary parameter. The Q-matrix is nonsingular except for 
the case X = f /l, , It can be expressed as a linear combination of the two 
singular matrices (L2,+l & AJ) as 
J&l+1 +u = $- [(A + 4J(L2,+1+ 4J) - (A - -4w2n+1 - 4m (3) 
n 
It may be noted that the eigenvectors of Q are the same as those of LBnfl , 
while its eigenvalues are (f /1, + h). We also observe that 
so that 
w2n+1 - w (L,,l + w = -4b2 - A2 (4) 
1 L w+l+M 
L 2n+1 - AI= A,2 -x2 * 
(5) 
1 “Multiple algebras,” first invented in the nineteenth century, denote “algebras 
requiring more than one term for the specification of the quantity.” For the historical 
origin of multiple algebras, see FL J. Stephenson, Am. 1. Phys. 34, 194 (1966), Alfred 
M. Bork, Am. J. Phys. 34, 202 (1966). 
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Let us define the transform of the matrix l/(Lzn+I - XI) with respect to the 
partial set of variables A, , A, ,..., h, (m < 2n + 1) and A, assuming that they 
are real, as2 
Since the denominator has singularities at h = + A,, the integral will 
depend on the path of integration chosen for the variable A. The situation 
is identical with the evaluation of the propagators corresponding to the 
retarted, advanced and Feynman Kernels so well known in electro- 
dynamics. The integrals corresponding to the three well known paths of 
integration are 
QF = (&,“’ (q) j & 
n 
QR = 
1 ( 1 
m+l 
-z 
--I 1 ( 1s -- i 24 
J52n+1+ fu _ L,,l -&I 
h---An,+& h+fl,-iiP I 
. ei(a’x:‘+.. .+a&&ia t d)c, . . . & & 
L,+l + 41 L,,, - 4 
X+A,+ic - X-Ad,+k I 
. efC\,~+...+a,xmbint a, ... &, (jJ 
QA = (&),+l (z;) j & 1 F;;;z - %A;2i 1 
me i(l~x~+*~*+(\mzmbiht dh, ... dx, A. 
Integrating with respect to the variable X we get 
QF = (T$-)~ j & {e(t) (L,,, + -%I) ePnt 
+ e( - t) (L,,,, - AJ) eiAnt} *Cu, d/l, *a* dh, 
QR = (&)” 1~1; e(t) ((L*+l + AJ) eminnt - (L,,,, - AJ) d”fj 
*a!A,dA,-*& 
(7) 
(8) 
(9) 
(10) 
(11) 
QA = - (&-)” j &- d(- t) {(L,,, + AJ) eAnnt + (L,,, - AJ) e’“n’} 
n 
~dA,dh,--dh,. (12) 
2 The definition of the transform has been made with a suitable choice of numerical 
factors and coefficients for easy comparison with the known formalism of propagators. 
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We then recognize that the parameters A1 , ha ,..., AnL are “momentum-like,” 
4L “energy-like,” while X is the free parameter “off-the-energy shell.” The 
variables (xi ,..., XJ of the transform are “space-like” and the variable t 
associated with the parameter h (or equivalently with the eigenvalues * A,,) 
is “time-like.” Then I/(L -- /lI) can be treated as the propagator in momen- 
tum space corresponding to QF, the propagator in “configuration” space. 
The Q-matrix for the case n = 1, i.e., corresponding to La , is recognized 
to be a quaternion. 
If u* are the eigenvectors of L corresponding to the eigenvalues & fl, , 
we can define a wave function as 
* = u+eiWif4t~ (13) 
This wave function satisfies the “equation of motion” 
(;$-L)&t) =o, 
while the kernel or propagator Q satisfies the inhomogeneous equation 
(it -L)Q =is(t). 
(14) 
In “momentum space,” we obtain 
(A$-L)u=O, (AI-L)Q=i, 
yielding the solutions 
u+ =L f AnI 
(16) 
(17) 
where (L f &I) are singular matrices and out of the 2” columns, only half 
of them are independent. The matrix representing the 2” independent solu- 
tions can be written as (L + M) w h ere (3. is the diagonal matrix with half the 
number + (1, and the other half - (1, . 
We are now encouraged to discuss the distinction between the characterist- 
ics of the parameters t and h on the one hand and xi and hi on the other. 
This is equivalent to understanding the distinction between the characteristics 
of a wave function and a kernel of propagator. A wave function is a function 
of the space and mass-like parameters and also of t. But we refer to it as an 
amplitude in a space characterized by x1 ,..., x, at time-like t. The mass-like 
parameters are just constants imbedded in the wave function. If we define 
a scalar product of the wave function with itself, it represents a distribution 
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in the space x1 ,..., x, at t and its integral with respect to the space-like 
variables can be normalized to a scalar for any value of t. Thus in the inter- 
pretation of the scalar, t is kept constant. However, the kernel or the propa- 
gator is a function not only of the intervals of the space-like parameters, but 
also of the interval of the time-like t. Hence, it can be transformed not only 
with respect to the interval of space-like parameters, but also the time-like 
parameter and this is why an additional parameter h creeps into the propagator 
but is absent in the wave function. 
The necessity of an additional parameter was realized at the time when the 
quaternions were first invented by Hamilton in the nineteenth century. The 
kernel function has singularities at the two values f A, of the parameter 
and these are just the eigenvalues of the L-matrix. The momentum-like and 
mass-like parameters occur in the L-matrix with the same status, but the 
kernel function is defined as a transform with respect to the partial set of 
momentum-like parameters and t, the mass-like parameters occurring both 
in the L-matrix and its transform. 
The relation between the kernel or the propagator and the wave function 
was discussed in pedagogic detail in the author’s book on “Elementary 
Particles and Cosmic Rays,” but at that time there was no indication of the 
possibility of a generalization. 
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